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Abstrat
We study two simple real analyti uniformly hyperboli dynamial systems: ex-
panding maps on the irle S1 and hyperboli maps on the torus T2. We show that the
Ruelle-Polliott resonanes whih desribe time orrelation funtions of the haoti
dynamis an be obtained as the eigenvalues of a trae lass operator in Hilbert spae
L2
(
S1
)
or L2
(
T
2
)
respetively. The trae lass operator is obtained by onjugation
of the Ruelle transfer operator in a similar way quantum resonanes are obtained in
open quantum systems. We omment this analogy.
PACS numbers: 05.45.-a , 05.45.A, 05.45.Pq
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1 Introdution
In this paper, we study the Ruelle-Polliott resonanes of two simple models whih are
uniformly hyperboli: expanding maps on the irle S1 and hyperboli maps on the torus
T2. These models are the most simple examples of haoti dynamial systems, whih
exhibit strong haoti properties, suh as ergodiity, mixing, deay of orrelations, entral
limit theorem for observables, et. , see [14℄[9℄[3℄. Expansivity or hyperboliity makes every
trajetory unstable and are therefore important hypothesis responsible for these haoti
properties. One of these properties, the deay of time orrelation is fundamental to
establish other haoti properties. Deay of time orrelations an be studied by means of
the spetral analysis of Ruelle transfer operators, whih transport funtions on S1 or T2
aording to the dynamis [7, 20℄. The simplest Ruelle transfer operator is the pull bak
operator or Koopman operator dened by:
(
Mˆϕ
)
(x)
def
= ϕ (M (x)), whereM : S1 → S1
2
is the map (resp. M : T2 → T2), and ϕ ∈ C0 (S1). The time orrelation of two funtions
φ, ϕ ∈ C0 (S1) is dened by Cφ,ϕ (t) def= 〈φ|Mˆ t|ϕ〉 =
∫
S1
φ (x) (ϕ ◦M t (x)) dx. The main
eet of the hyperboli dynamis is to transform an initial funtion ϕ into a funtion Mˆ tϕ
with ner and ner strutures, as the time t evolves. In other words, the information on
the initial funtion ϕ is sent towards mirosopi sales, or equivalently at innity in the
Fourier spae. On the marosopi sale (i.e., if Mˆ tϕ is tested on a regular funtion φ),
there remains only a onstant funtion, i.e., the funtion 1 times a weight µSRB (ϕ) where
µSRB is alled the Sinai-Ruelle-Bowen (S.R.B.) measure. The number µSRB (ϕ) ∈ C is the
only information on ϕ whih remains on the marosopi sale after a long time evolution.
With this point of view, the deay of time orrelation funtions Cφ,ϕ (t) is due to the esape
of the funtion Mˆ tϕ towards innity in the Fourier spae, implying a deay of the small
Fourier omponents. This suggests to study the deay of orrelations using a window of
observation in the Fourier spae, entered on small Fourier omponents (in the unstable
diretion). This is the role of the operator Aˆ below. This situation is very similar to open
quantum systems, where the deay of the quantum wave funtion in a ompat domain
of spae is due to the esape of the wave funtion towards innity. In suh situations
people study the deay by a omplex saling method whih onsists in onjugating the
dynamial operator in suh a way that the wave funtion is toned down at innity ([6℄,
hap. 8). Then, the quantum resonanes whih appear are suitable to desribe the deay.
Here we will follow this general approah.
We will suppose in both models that the map M is real analyti. We will show that
the time orrelation funtions an be obtained from an eetive dynamial operator Rˆ
obtained from Mˆ by a onjugation Rˆ = AˆMˆAˆ−1, where Aˆ tones down the high Fourier
modes in the unstable diretion of the dynamis. The main result is to show that Rˆ is a
trae lass operator in the Hilbert spae L2 (S1) (resp. L2 (T2)). The eetive long time
dynamis is obtained by Rˆt = AˆMˆ tAˆ−1 with t ∈ N, and the spetral properties of Rˆ are
important for that. The eigenvalues of Rˆ are alled the Ruelle-Polliott resonanes. This
approah, with a onjugation, is the one whih is usually followed in the omplex saling
methods [6℄. An alternative but equivalent approah would be to keep the operator Mˆ but
to work with another norm instead of the L2 one, namely with (φ, ψ)A
def
=
(
Aˆφ, Aˆψ
)
L2
.
This last formulation is preferred in [5℄[11℄[15℄[4℄. In this approah, the operator Aˆ is seen
as an isomorphism between two Hilbert spaes, and one gets
(
φ, Mˆψ
)
A
=
(
φ′, Rˆψ′
)
L2
with φ′ = Aˆφ, ψ′ = Aˆψ.
The orrelation spetrum for analyti maps has already been studied through trae lass
operators but with dierent approahes: the ase of expanding maps has been studied by
D. Ruelle in [20℄. The ase of analyti hyperboli maps has been studied by H.H. Rugh
in [21℄. Our approah whih onsists in working in the Fourier spae (or more tehnially
onjugating Mˆ by a pseudo-dierential operator) has been already investigated reently for
hyperboli dieomorphisms by V. Baladi and M. Tsujii [4℄. In their paper, they onsider a
muh broader lass of dynamial systems (they do not suppose analytiity) and they show
quasi-ompaity for the transfer operator in a Banah spae of distributions. Although our
3
results are more restritive, we believe that they have their own interest beause of their
tehnial simpliity (we obtain a trae lass operator in a Hilbert spae and the proof is
quite simple). A tehnial dierene between the two approahes appears for example with
the hoie of the operator Aˆ. We have to hoose an operator whih has an exponential
expression in the Fourier basis, whereas in [4℄ the operator Aˆ has an algebrai dependene
on the Fourier modes (Aˆ is a power of the Laplaian). This dierene is ruial to obtain
some of the results presented in this paper.
Our tehniques do not allows us to treat any hyperboli maps on the torus, but maps
whih are losed enough to the linear hyperboli map
1
. More preisely, as the proof will
show in Setion 4.2, the tehnial assumption is that the unstable and stable tangent
diretions are uniformly ontained in onstant ones dened by the linear map. This
restrition of our method, due to the very simple expression of the operator Aˆ, saves us on
the other hand from making a partition of the unity as in [4℄.
With a dierent approah, results lose to those obtained by V. Baladi et al. were ob-
tained by C. Liverani et al. in [5℄[11℄[15℄. The onnetion between dynamial determinants
and Ruelle resonanes is established there in great generality. See [4℄ for historial remarks
and omparison between the dierent approahes.
The paper is organized as follows. In Setion 2, we dene the operator Rˆ whih governs
the deay of the orrelation funtion. We state the theorems whih say that Rˆ is a trae
lass operator in both ase S1 and T2. These results are proved respetively in Setion
3 and 4. Our method is very onvenient for numerial analysis sine the trunation of
the high Fourier modes produes a small error. In Setion 3.3, we present numerial
illustrations of some aspets of the S.R.B. measure and the R.P. resonanes. In Setion
2.1.4, we show the equivalene of our approah with a more ommon approah known as
randomly perturbed dynamis or noisy models [8℄[5℄. We use this equivalene to show
the (well known) Trae formula in terms of periodi orbits [3℄. We mention that in [11℄,
a powerful method is developed in the Cr ase and allows the authors to show spetral
stability for a wider lass of deterministi and random perturbations.
Aknowledgement. We would like to thank Viviane Baladi, Patrik Bernard, Alain Joye,
Malik Mezzadri and Stéphane Nonnenmaher for disussions related to this work. FF
gratefully aknowledges partial support by Agene Nationale de la Reherhe under the
grant JC05_52556.
2 Statement of the results
2.1 Expanding map on the irle
Let M : R→ R be the map dened by2
M (x) = 2x+ f (x)
1
We disuss some possible extension in the onlusion
2
More generally we ould have supposed that M (x) = dx + f (x) with d ∈ N, d ≥ 2. This does not
hange the results we obtain.
4
where f is real analyti and periodi: f (x+ 1) = f (x) , ∀x ∈ R. We suppose moreover
that
f ′
min
def
= min
x∈R
(
df
dx
)
> −1
so that M ′x = 2+
df
dx
> 1 (M is alled stritly expanding). A simple example used later for
numerial illustrations is
f (x) =
δ
2pi
sin (2pix) , |δ| < 1 (1)
For all n ∈ N and all x ∈ R, M (x+ n) ≡ M (x) mod1, hene M denes an expanding
map on the irle S1 = R/Z (also denoted by M). M is not invertible, but it is the
simplest model exhibiting haoti dynamis, see [14℄: expansivity is responsible for the
high sensitivity to initial onditions, mixing and positive entropy of the dynamis.
The pull-bak operator Mˆ on L2 (S1) is the (non unitary) bounded operator dened
by
3 (
Mˆϕ
)
(x)
def
= ϕ (Mx) (2)
For any n ∈ Z, we denote4 by |n〉 ∈ L2 (S1) the Fourier mode ϕn (x) = exp (i2pinx),
and dene the operator Aˆ by
Aˆ|n〉 def= exp (−a |n|) |n〉, n ∈ Z, with a > 0. (3)
Aˆ is diagonal in the Fourier basis. The image CA = Aˆ (L
2 (S1)) is a set of very regular
funtions (analyti in a omplex neighborhood of S1 of radius a). The operator Aˆ is used
to dene
5
the operator:
Rˆ
def
= AˆMˆAˆ−1 (4)
with domain CA, dense in L
2 (S1).
In this paper, we will prove the following theorem:
Theorem 1. There exists a > 0 entering in eq.(3), suh that matrix elements of Rˆ
derease exponentially:
∣∣∣〈n′|Rˆ|n〉∣∣∣ < exp (−c (|n′|+ |n|)), with c > 0. In partiular Rˆ
extends to a trae lass operator in Hilbert spae L2 (S1) .
3
We an also onsider a more general lass of operators, alled Ruelle transfer operator:
(
Mˆgϕ
)
(x)
def
=
eg(x)ϕ (Mx), with omplex valued funtion g. The results obtained in this paper extend to this ase
provided g is real analyti.
4
Throughout the paper, we use Dira notations for vetors in Hilbert spae H = L2 (S1): ϕ ∈ H is
written |ϕ〉. Its dual metri is written 〈ϕ|. A salar produt is written 〈φ|ϕ〉 = ∫
S1
φ (x)ϕ (x) dx. If Mˆ
is an operator, we write 〈φ|Mˆ |ϕ〉 def= 〈φ|Mˆϕ〉 = 〈Mˆ∗φ|ϕ〉, (where Mˆ∗ is the adjoint operator). Finally,
|φ〉〈ϕ| def= |φ〉 ⊗ 〈ϕ| .
5
Equivalently Aˆ an be seen as a hange of norm on L2
(
S1
)
.
5
As the proof will show, the result holds for any a ∈ ]0, a0], with some a0 > 0, and c
depends on a.
For general results on trae lass operators, see [18, 19℄, or [10℄ hap. 4. The eigenvalues
of Rˆ are alled the Ruelle-Polliott resonanes (R.P.) of the pull bak operator Mˆ .
2.1.1 Dynamial orrelation funtions
The operator Rˆ is useful to study time-orrelation funtions. Indeed, if |φ〉 ∈ CA is a
regular test funtion, and |ϕ〉 ∈ L2 (S1), then for t ∈ N, Cφ,ϕ (t) def= 〈φ|Mˆ t|ϕ〉 an be
expressed using Rˆ as
Cφ,ϕ (t)
def
= 〈φ|Mˆ t|ϕ〉 =
(
〈φ|Aˆ−1
)
Rˆt
(
Aˆ|ϕ〉
)
(5)
In physial terms it means that the operator Rˆ is a nie eetive operator to express the
dynamis of Mˆ in L2 (S1) provided it is tested on the regular funtion spae CA.
2.1.2 Finite rank approximation
There is a diret onsequene of Theorem 1 whih is useful for the numerial omputation
of Ruelle-Polliott resonanes. Let MˆN be the matrix of the operator Mˆ expressed in the
Fourier basis and trunated to the N rst Fourier modes (i.e., |n| ≤ N , the matrix MˆN
has thus size (2N + 1)× (2N + 1)).
Corollary 2. The eigenvalues of MˆN onverge towards the Ruelle-Polliott resonanes,
when N →∞.
Proof. If RˆN is the matrix of the operator Rˆ restrited to HN = Span {|n〉, |n| ≤ N} ≡
C2N+1, then the eigenvalues of RˆN onverge to the R.P. resonanes as N → ∞, beause
RˆN onverges to Rˆ in operator norm. But in HN ≡ CN+1, RˆN is onjugate to MˆN by the
invertible and diagonal matrix AˆN = Diag (exp (−a |n|) , n = −N → N), RˆN and MˆN have
the same spetrum.
2.1.3 Exponential onentration of R.P. resonanes near zero
Sine Rˆ is a ompat operator (and moreover a trae lass operator), its eigenvalues on-
verge to zero. From Theorem 1, matrix elements 〈n′|Rˆ|n〉 derease exponentially fast for
large |n| , |n′|. A quite diret onsequene of this is the exponential onentration of the
eigenvalues of Rˆ near zero:
Theorem 3. Let λi ∈ C, i = 0, 1, . . . be the non zero eigenvalues of Rˆ (the Ruelle-
Polliott resonanes), suh that |λi+1| ≤ |λi|, and ounting multipliity. Let li = log |λi|
and C1 =
2(1+e−c)
(1−e−c)2 . For any i ≥ 0,
li ≤ − c
4
i+ logC1 (6)
6
The onstant c is given in Theorem 1 and the proof of this theorem is postponed to
Setion 3.3. (The best estimate is for the largest possible value of c, whih is neither very
expliit in the proof, nor very sharp).
2.1.4 Relation with randomly perturbed operators or noisy models
A dierent approah to obtain Ruelle-Polliott resonanes of transfer operators is to add
a small noise, or random perturbation to the dynamial operator Mˆ at eah step of
evolution. These models are often used for theoretial or numerial alulations. In [8℄
Baladi and Young show that for expanding maps, the randomly perturbed operator is
ompat, and that its eigenvalues are the Ruelle-Polliott resonanes in the limit when
the perturbation vanishes. A similar result is shown by Blank Keller and Liverani in [5℄
for Anosov maps. See also [17℄. In this setion we onsider suh noisy operators and
show with a very simple proof that they have the same eigenvalues as Rˆ (i.e., the R.P.
resonanes) when the perturbation vanishes. The same result holds for Anosov maps on
T2 onsidered in the next setion.
Let ∆ ≡ − d2
dx2
be the Laplaian operator on S1, and for ε > 0, let
Dˆε def= e−ε∆/(2pi)2
be the heat operator. This operator is diagonal in the Fourier basis:
Dˆε|n〉 = e−εn2|n〉 (7)
The main eet of Dˆε is to trunate the high Fourier omponents. In the real spae
x ∈ S1, the operator Dˆε onvolutes with a Gaussian distribution of size ∼
√
ε, so Dˆε as
the same eet as a Gaussian noise.
Let us dene the noisy perturbed operator by
Mˆε
def
= MˆDˆε (8)
Mˆε is a Trae lass operator beause it is the produt of Dˆε whih is Trae lass with Mˆ
whih is bounded (f [18℄ p.207).
Theorem 4. The eigenvalues of the noisy perturbed operator Mˆε onverge to the Ruelle-
Polliott resonanes, when ε→ 0.
Proof. Let us dene the operator
Rˆε
def
= RˆDˆε = AˆMˆAˆ−1Dˆε = AˆMˆDˆεAˆ−1 = AˆMˆεAˆ−1
where we have used the fat that Aˆ and Dˆε ommute. Let Rˆε,N (resp. Mˆε,N) the matrix
of the operator Rˆε (resp. Mˆε) expressed in the Fourier basis and trunated to the rst N
Fourier modes. We have Rˆε,N = AˆMˆε,N Aˆ
−1
so the matries Rˆε,N and Mˆε,N have the same
spetrum. But Rˆε,N onverges to Rˆε in operator norm for N →∞ (resp. Mˆε,N → Mˆε for
N → ∞). We dedue that Rˆε and Mˆε have the same spetrum. Now Rˆε onverges to Rˆ
in operator norm for ε→ 0, whih gives that eigenvalues of Rˆε onverge to eigenvalues of
Rˆ.
7
2.1.5 Trae formula
An important feature of Ruelle transfert operators is the existene of exat trae formulas
in terms of periodi orbits ([3℄ p. 100). We just reall here this trae formula for the
operator Rˆ dened by Eq.(4).
Proposition 5. For any t ≥ 1,
Tr
(
Rˆt
)
=
∑
x∈Fix(M t)
1
|DxM t − 1|
where Fix (M t) denotes the set of xed points of M t, and DxM
t (x) = dM
t
dx
(x).
Proof. We onsider rst the trae of the operator Mˆt,ε
def
= Mˆ tDˆε, (similar to Eq.(8)). From
([10℄ Th. 8.1 p. 70),
Tr
(
Mˆt,ε
)
=
∫ 1
0
dx〈x|Mˆt,ε|x〉 =
∫ 1
0
dxδε
(
M t (x)− x)
where 〈x′|Mˆt,ε|x〉 denotes the Shwartz kernel of the operator Mˆt,ε on L2 (S1) and where
δε = Dˆεδ denotes the regularized Dira distribution at x = 0 (i.e. δε is a periodi Gaussian
funtion with width ∼ √ε). With the ((2t − 1)-valued) hange of variable y = M t (x)− x,
we obtain
Tr
(
Mˆt,ε
)
=
∫ 2t−1
0
dy
1
|DxM t − 1|δε (y)
so Tr
(
Mˆt,ε
)
→∑x∈Fix(M t) 1|DxM t−1| for ε → 0. On the other hand, with Rˆt,ε def= RˆtDˆε, we
show (as in the proof of Theorem 4), that Tr
(
Mˆt,ε
)
= Tr
(
Rˆt,ε
)
, and that Tr
(
Rˆt,ε − Rˆt
)
→
0, for ε→ 0. This gives the result.
2.2 Hyperboli map on the torus
With the same approah, one an study a non linear hyperboli map on the torus (expressed
as a linear map with a small perturbation). Let M0 ∈ SL (2,Z) be an hyperboli matrix
(i.e., TrM0 > 2) and f : R
2 → R2 be a real analyti periodi funtion:
f (x+ n) = f (x) , ∀x ∈ R2, ∀n ∈ Z2
Let M : R2 → R2 be dened to be M0 perturbed by f :
M (x) =M0 (x) + f (x)
ThenM (x+ n) ≡M (x) [Z2] heneM indues a map on T2 also denoted byM . Strutural
stability asserts that the map M on T2 is Anosov (uniformly hyperboli) whenever ‖f‖C1
is small enough ([2℄ p.122)([14℄ p. 89)
6
.
6
In our ase f is supposed to be real analyti. So ‖f‖C1 is ontrolled by ‖f‖C0 .
8
The pull-bak operator Mˆ on L2 (T2) is the bounded operator dened by(
Mˆϕ
)
(x)
def
= ϕ (Mx) . (9)
Note that the operator Mˆ is not unitary exept if M preserves the area on T2.
Example: Choose M0 =
(
2 1
1 1
)
and
f (x) =
(
0,
δ
2pi
sin (2pi (2x1 + x2))
)
. (10)
In this example, M preserves7 area dx1dx2.
For eah n = (n1, n2) ∈ Z2, denote by |n〉 ∈ L2 (T2) the Fourier mode ϕn (x) =
exp (i2pi (n.x)). Let u, s ∈ R2 be unstable/stable eigenvetors of the transposed matrix
M t0, i.e., M
t
0u = e
λ0u and M t0s = e
−λ0s, with λ0 > 0. A vetor v = (v1, v2) ∈ R2 is written
v˜ ≡ (vu, vs) with respet to the basis (u, s). In partiular n ∈ Z2 is mapped to n˜ = (nu, ns).
Dene the operator Aˆ by
Aˆ|n〉 def= exp (−a |nu|+ a |ns|) |n〉, n ∈ Z2, with a > 0. (11)
It is diagonal in the Fourier basis. Aˆ is dened on a domain DA
def
= Dom
(
Aˆ
)
={|ϕ〉 =∑n ϕn|n〉, s.t. ∑n |ϕn|2 e2a|ns|−2a|nu| <∞, ∑n |ϕn|2 <∞} dense in L2 (T2), and
onsists of funtions with exponentially fast dereasing Fourier omponents (i.e very regu-
lar) in the stable diretion. Similarly,
CA
def
= Dom
(
Aˆ−1
)
=
{
|φ〉 =
∑
n
φn|n〉, s.t.
∑
n
|φn|2 e−2a|ns|+2a|nu| <∞,
∑
n
|φn|2 <∞
}
⊂ L2 (T2)
onsists of funtions with exponentially fast dereasing Fourier omponents in the unstable
diretion. One heks that CA = Aˆ (DA), DA = Aˆ
−1 (CA).
Dene
Rˆ
def
= AˆMˆAˆ−1 (12)
on a suitable domain inluded in CA (one has Dom
(
Rˆ
)
= CA if Mˆ (DA) ⊂ DA).
Theorem 6. For a C1-small enough perturbation f , i.e., ‖f‖C1 < ε with ε > 0, there
exists a > 0 suh that Rˆ is dened on the domain Dom
(
Rˆ
)
= CA and its matrix ele-
ments derease exponentially:
∣∣∣〈n′|Rˆ|n〉∣∣∣ < exp (−c (|n′1|+ |n′2|+ |n1|+ |n2|)), with c > 0.
Therefore, Rˆ extends to a trae lass operator in Hilbert spae L2 (T2) .
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Beause in this example, M an be written as M = M1M0, where M1 is an Hamiltonian time 1 ow,
generated by Hamiltonian funtion H1 (x1, x2) =
δ
(2pi)2
cos (2pix1) on T
2
.
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As the proof will show, the result holds for any a ∈ ]0, a0], with some a0 > 0, and c
depends on a. The operator Rˆ is useful to study time-orrelation funtions: if |φ〉 ∈ CA is
a regular test funtion, and |ϕ〉 ∈ DA, then
Cφ,ϕ (t)
def
= 〈φ|Mˆ t|ϕ〉 =
(
〈φ|Aˆ−1
)
Rˆt
(
Aˆ|ϕ〉
)
The dierent orollaries and appliations we mentionned for expanding maps, work as
well for hyperboli maps on the torus (with only minor modiations): (1) nite rank
approximation, (2) exponential onentration of R.P. resonanes near zero, (3) relation
with randomly perturbed operators, (4) Trae formula in terms of periodi orbits.
2.2.1 Exponential onentration of R.P. resonanes near zero
Theorem 7. Let λn ∈ C, n = 0, 1, . . . be the non zero eigenvalues of Rˆ (the Ruelle-Polliott
resonanes), suh that |λn+1| ≤ |λn|, and ounting multipliity. Let ln = log |λn|. There
exists C1 > 0 suh that for any n ≥ 0,
ln ≤ − c
3
√
n
1
(1 + 1/n)
+ logC1 (13)
the onstant c is given in Theorem 1, and the proof of the theorem is postponed to
Setion 4.2.1. The main dierene with (6) is the appearane of n1/2, where the power is
1/d with d = dim (T2) = 2. Let us remark that suh an asymptoti behaviour of eigenvalues
is also met in quantum mehanis in the spetrum (En)n of the Harmoni Osillator on
Rd. From the semi-lassial Weyl law En ≃ Cste n1/d (see [13℄ hap. 16). This suggests
that (13) ould be obtained or interpreted within a semi-lassial approah, with a Weyl
asymptoti.
2.2.2 Relation with randomly perturbed operators
The analysis made in setion 2.1.4, an be repeated with no hange exept for the denition
of the heat operator:
Dˆε|n〉 = e−ε(n21+n22)|n〉
whih is used to dene the randomly perturbed operator:
Mˆε
def
= MˆDˆε
We have
Theorem 8. The eigenvalues of the noisy perturbed operator Mˆε onverge towards the
Ruelle-Polliott resonanes, as ε→ 0.
(The same proof as in setion 2.1.4.)
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2.2.3 Trae formula
We have the following Trae formula for Rˆt in terms of periodi orbits.
Proposition 9. For any t ≥ 1,
Tr
(
Rˆt
)
=
∑
x∈Fix(M t)
1
|det (DxM t − Id)|
where Fix (M t) denotes the set of xed points of M t, and DxM
t (x) is the dierential at
point x ∈ T2.
The proof follows the same lines as for Proposition 5.
3 Expanding map on the irle
In this setion, we prove Theorem 1.
3.1 Matrix elements of the operator Mˆ
Denote |n〉 the Fourier mode ϕn (x) = exp (i2pinx), with n ∈ Z, x ∈ S1. The set (|n〉)n∈Z
form an orthonormal basis of L2 (S1) and matrix elements of Mˆ in this basis are expliitly
given by
〈n′|Mˆ |n〉 =
∫ 1
0
dx exp (i2pi ((2n− n′)x+ nf (x))) (14)
3.1.1 Remarks
• For a vanishing perturbation f = 0, then
〈n′|Mˆ0|n〉 = δ2n=n′ (15)
i.e., in the plane (n′, n), matrix elements are zero exept on the line n′ = 2n. For
a non zero perturbation f , we will show that matrix elements are very small outside
a one ontaining this line.
• Sine f is real, we have the symmetry
〈−n′|Mˆ | − n〉 = 〈n′|Mˆ |n〉
and if n = 0, we have
〈n′|Mˆ |0〉 = δn′=0
Therefore we have only to study matrix elements with n > 0.
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3.1.2 Loalization property of matrix elements
For simpliity of the presentation, we borrow notations from semi-lassial analysis (see
[16℄). For n > 0, let us make the hange of variables (n, n′)⇔ (h, p), with
h =
1
n
, p =
1
n
(n′ − 2n) = n′h− 2 (16)
and dene ~ = h/ (2pi). A matrix element an be written as the osillating integral:
I~ (p)
def
= 〈n′|Mˆ |n〉 =
∫ 1
0
dx exp (i (f (x)− px) /~)
From the non stationary phase theorem below, this integral is very small for values
of p outside the interval [f ′
min
, f ′
max
], with
f ′
min
def
= min
x
df
dx
, f ′
max
def
= max
x
df
dx
.
Theorem 10. Non stationary phase. Assume that f (x) is a periodi funtion and
an be ontinued analytially in some strip |Im (x)| < Y . Assume p/ (2pi~) ∈ Z, and
I~ (p) =
∫ 1
0
dx exp (i (f (x)− px) /~). For any ε > 0, there exists a onstant C > 0, suh
that for any p, ~ > 0,
|I~ (p)| ≤ min
(
1, e−C(f
′
min
−p−ε)/~, e−C(p−f
′
max
−ε)/~
)
(17)
0
p
|I~(p)|
f ′max
1
ε ε
f ′min
Figure 1: Upper bounds for the funtion |I~ (p)|
Proof. Write z = x+iy and f (z) = a (z)+ib (z), with a, b real valued funtions. Analytiity
of f gives ∂yb = ∂xa. For y = 0 and x ∈ [0, 1], one has b (x, 0) = 0 and (∂yb) (x, 0) =
(∂xa)y=0 ≥ f ′min. Therefore ∀ε > 0, ∃y0 > 0 y0 < Y suh that b (x, y0) > (f ′min − ε) y0 for
all x. So for z = x+ iy0,
|exp (i (f (z)− pz) /~)| = exp (− (b (x, y0)− py0) /~) < exp (− (f ′
min
− ε− p) y0/~) .
Sine f is analyti, we an deform the integration path to z = x+ iy0, x = 0→ 1, y0 xed.
This gives
|I~ (p)| < exp (− (f ′
min
− ε− p) y0/~) .
A similar argument for the integral I~ (p) =
∫ 1
0
dx exp (i (−f (x) + px) /~) provides
|I~ (p)| < exp (− (p− f ′
max
− ε) y′0/~)
We nally hoose C = min (y0, y
′
0).
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3.1.3 Remarks
• For p ∈ [f ′
min
, f ′
max
], the stationary phase formula gives the asymptoti value of I~ (p)
when ~ → 0. It says that the asymptoti value of the matrix element 〈n′|Mˆ |n〉 ≡
I~ (p) of operator Mˆ depends only on the point x
′
in the integral, suh that p = df
dx
(x′),
equivalently n′ =
(
2 + df
dx
(x′)
)
n. We omment now on a semi-lassial interpretation
of this result. The map M−1 ating in S1 is two valued. Let M˜−1 denotes its
lifted ation on the otangent spae T ∗S1. If x = M(x′) = 2x′ + f (x′), then ∂
∂x′
=(
2 + df
dx
(x′)
)
∂
∂x
. So, if (x, k) denote oordinates on T ∗S1, and (x′, k′) = M˜−1 (x, k),
then x = M (x′) and k′ =
(
2 + df
dx
(x′)
)
k. So in a sense whih need to be preised,
Mˆ ating in L2 (S1) is a semi-lassial quantization of the map M˜−1 ating in the
sympleti spae T ∗S1. This semi-lassial aspet of hyperboli dynamis will be
investigated in a futur work.
• If we ome bak to variables n, n′, this last theorem shows that matrix elements
〈n′|Mˆ |n〉 in the plane (n′, n) are exponentially small outside the one dened by (for
n > 0):
(f ′
min
+ 2− ε)n < n′ < (f ′
max
+ 2 + ε)n
Expansivity hypothesis of M gives f ′min+2 > 1, so for ε small enough this one does
not ontain the diagonal n′ = n. Cf Figure 2.
n’ n’=2n
n’=n
n
Figure 2: Matrix elements 〈n′|Mˆ |n〉 are small outside the grey one, for |n| → ∞. For
f = 0, this one redues to the line n′ = 2n. These matrix elements an be interpreted
as transition amplitudes for the dynamis n → n′. For long times (many iterations), the
dynamis goes to innity in Fourier spae on the setor |n′| > |n|, and tends to small
Fourier omponents on the setor |n′| < |n| (see the blak arrows). Important matrix
elements of Mˆ are loalized on the setor |n′| > |n| only, and thus generate an esape
towards innity in Fourier spae, responsible for haos, as disussed in the introdution.
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• With the example (1), we an expliitly express matrix elements in term of Bessel
funtions of the rst kind (see [1℄ 9.1.21 p. 360):
〈n′|Mˆ |n〉 = (−1)(2n−n′) J(2n−n′) (δn)
This gives
|I~ (p)| =
∣∣∣∣J(−p/h)
(
δ
h
)∣∣∣∣ .
Asymptoti results for Bessel funtions (see [1℄ 9.3.1 and 9.3.2 p. 365) give
log |I~ (p)| ∼ −p
h
(
log
(
2p
eδ
))
, forh xed, and p→∞
∼ −p
h
(α− tanhα) , with coshα = p
δ
≥ 1 xed, and h→ 0
whih are sharper than the upper bound in (17).
3.2 Proof of Theorem 1
3.2.1 Idea of the proof and remarks
In the linear ase, with a vanishing perturbation f = 0, the result is obvious. Indeed
from eq.(15), matrix elements of Rˆ lie on the line n′ = 2n and derease like 〈n′|Rˆ|n〉 =
δn′=2ne
a(|n|−|n′|) = δn′=2ne−a|n| (the spetrum is then σ
(
Rˆ
)
= {1} ∪ {0}, with 1 as a
simple eigenvalue). Remark that hoosing the operator Aˆ with the algebrai form Aˆ|n〉 =
1
|n|α |n〉, n ∈ Z would not give dereasing matrix elements: 〈n′|Rˆ|n〉 = δn′=2n |n|
a
|n′|a =
δn′=2n
1
2a
. On the other hand, the hoie Aˆ|n〉 = e−|n|a |n〉 with 0 < a < 1 or Aˆ|n〉 =
e−a log
2(1+|n|)|n〉 would be suitable as well.
In the non linear ase, with f 6= 0, we have shown that
∣∣∣〈n′|Mˆ |n〉∣∣∣ dereases fast
outside a one in the (n′, n) plane. The onjugation with Aˆ gives the multipliative fator
e+a(|n|−|n
′|)
, whih dereases in the setor |n′| > |n|, but inreases in the setor |n′| < |n|.
The expansivity hypothesis insures that the one is stritly inluded in the rst setor.
Moreover, provided a > 0 is small enough, the derease of
∣∣∣〈n′|Mˆ |n〉∣∣∣ dominates the inrease
of e+a(|n|−|n
′|)
in the setor |n′| < |n|. At nal result we obtain that
∣∣∣〈n′|Rˆ|n〉∣∣∣ dereases
exponentially fast for |n| , |n′| → ∞.
3.2.2 Exponential derease of matrix elements
From (3) and (4) it follows that for any n > 0:
〈n′|Rˆ|n〉 = e+a(n−|n′|)〈n′|Mˆ |n〉.
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Instead of n′, n ∈ Z, we prefer to use re-normalized indies for n > 0, dened by
h =
1
n
, ν ′ = n′h = p+ 2
where h, p were already dened in (16).
We an write e+a(n−|n
′|) = e
1
h
A(ν′)
, with A (ν ′) def= a (1− |ν ′|), and Equation (17) gives
the upper bound:∣∣∣〈n′|Mˆ |n〉∣∣∣ < e 1hB(ν′), B (ν ′) def= min (0, 2piC (ν ′ − b
min
) , 2piC (b
max
− ν ′))
with
b
min
= 2 + f ′
min
− ε, b
max
= 2 + f ′
max
+ ε.
Beause M is expanding, we an hoose ε > 0 suh that minx (M
′
x) = 2+ f
′
min
> 1 + ε,
hene bm > 1. For large |ν ′|, the funtions A (ν ′) and B (ν ′) and have respetive slope
a and 2piC. Choosing a < 2piC implies that the maximum of F (ν ′) = A (ν ′) + B (ν ′) is
reahed for ν ′ = bm. See Figure 3.
1 bmaxbmin
0
F = A+B
ν ′
A(ν ′)
B(ν ′)
−c(1 + |ν ′|)
Figure 3: Representation of funtions F (ν ′) = A (ν ′) + B (ν ′) for the upper bounds∣∣∣〈n′|Rˆ|n〉∣∣∣ < exp ( 1hF (ν ′)) < exp (− ch (1 + |ν ′|)).
We need an upper bound
∣∣∣〈n′|Rˆ|n〉∣∣∣ < exp (−c (|n|+ |n′|)) = exp (− ch (1 + |ν ′|)), there-
fore we look now for a onstant c > 0 suh that F (ν ′) = A (ν ′) + B (ν ′) < −c (1 + |ν ′|),
for any ν ′ ∈ R. This requires c < a and F (b
min
) ≤ −c (1 + b
min
) ⇔ c < a bmin−1
b
min
+1
< a.
Consequently we hoose c < a bmin−1
b
min
+1
, and this proves the exponential estimates of Theorem
1.
3.2.3 Trae lass operator
First from
∣∣∣〈n′|Rˆ|n〉∣∣∣ < exp (−c (|n|+ |n′|)), Rˆ is a Hilbert-Shmidt operator, therefore
bounded. Its domain CA is dense in L
2 (S1). From a lassial result, Rˆ extend in a unique
way to a bounded operator in L2 (S1). Now let Bˆ be the operator diagonal in the Fourier
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basis, dened by Bˆ|n〉 = 1|n|α |n〉, with α > 1/2. Bˆ is a Hilbert-Shmidt operator and
Cˆ
def
= RˆBˆ−1 is also an Hilbert-Shmidt operator, so Rˆ = CˆBˆ being a produt of two
Hilbert Shmidt operators is a trae lass operator (f. [10℄, Lemma 7.2, p.67).
3.3 Exponential aumulation of R.P. resonanes near zero
In this setion, we prove Theorem 3.
Let Rˆ be the trae lass operator obtained in Theorem 1, with the estimation
∣∣∣〈n′|Rˆ|n〉∣∣∣ <
exp (−c (|n|+ |n′|)) on its matrix elements, with c > 0. We rst dedue an estimation on
the singular values of Rˆ:
Lemma 1. Let µj, j = 0, 1, . . . be the non zero singular values of Rˆ (namely the eigenvalues
of the self-adjoint operator
√
Rˆ∗Rˆ), suh that µj+1 ≤ µj, repeated as many times as the
value of their multipliity. Then
µj ≤ C1e−c j/2 (18)
with C1 =
2(1+e−c)
(1−e−c)2 .
Proof. We borrow an argument from [12℄ (in the proof of Prop. 3.2). From the min-max
theorem,
µj = min
V⊂L2(S1), odimV=j
max
v∈V, ‖v‖=1
∥∥∥Rˆv∥∥∥ .
Consider the Fourier basis |n〉,n ∈ Z and Vl = span (|n〉)|n|>l, hene odimVl = 2l + 1. If
|v〉 ∈ Vl, we ompute
∥∥∥Rˆ |v〉|∥∥∥ =
∥∥∥∥∥∥
∑
n′∈Z,|n|>l
|n′〉〈n′|Rˆ|n〉〈n|v〉
∥∥∥∥∥∥ ≤
∑
n′∈Z,|n|>l
∣∣∣〈n′|Rˆ|n〉〈n|v〉∣∣∣
≤ ‖v‖
∑
n′∈Z,|n|>l
exp (−c (|n|+ |n′|)) = ‖v‖

∑
|n|>l
e−c|n|

∑
n′∈Z,
e−c|n
′|
= ‖v‖ 2Sl+1 (1 + 2S1) = ‖v‖ e−c(l+1)2S0 (1 + 2S1)
with Sj
def
==
∑
n≥j e
−cn = e
−cj
1−e−c = e
−cjS0. We dedue that µ2l+1 ≤ e−c(l+1)2S0 (1 + 2S1),
hene for j odd,µj ≤ e−cj/2e−c/22S0 (1 + 2S1) < C1e−cj/2 with C1 = 2S0 (1 + 2S1) =
2 (1 + e−c) / (1− e−c)2. For j even, µj ≤ µj−1 ≤ e−cj/22S0 (1 + 2S1) = C1e−cj/2.
There is a fundamental relation between eigenvalues (λj)j of Rˆ (sorted suh that
|λj+1| ≤ |λj|, and repeated as many times as the value of their multipliity) and singular
values (µj)j (f. [10℄, Th. 3.1 p.52):
n∏
j=0
|λj | ≤
n∏
j=0
µj , n ≥ 0 (19)
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For non zero eigenvalues, dene
lj = log |λj | , mj = logµj
(These sequenes tend to −∞ as j → ∞). Then the above inequality reads ∑nj=0 lj ≤∑n
j=0mj . Eq. (18) gives mj ≤ logC1 − cj/2. We dedue that
∑n
j=0 lj ≤ (n+ 1) logC1 −
c
2
n(n+1)
2
, hene
1
(n+ 1)
n∑
j=0
lj ≤ logC1 − c
4
n
But ln ≤ lj for j ≤ n, so ln ≤ 1(n+1)
∑n
j=0 lj ≤ logC1 − c4n, whih proves Theorem 3.
3.4 Numerial illustrations: Sinai-Ruelle-Bowen Measure and Ruelle-
Polliott resonanes
In order to illustrate the previous result, we disuss here some well-known aspets of the
S.R.B. measure and Ruelle-Polliott resonanes of Example (1), obtained by numerial
diagonalization of operator Rˆ (in the Fourier basis).
3.4.1 The Sinai-Ruelle-Bowen measure
The zero Fourier mode (onstant funtion) |v0〉 = |n = 0〉 is an eigenvetor of Mˆ (and thus
Rˆ) with eigenvalue λ0 = 1. It is known that expanding maps suh as eq.(2) are mixing
[14℄, whih implies as we will see that λ0 = 1 is an isolated eigenvalue of multipliity 1,
and all other eigenvalues of Rˆ are |λi| < 1, i = 1, 2 . . .. Let |w0〉 ∈ L2 (S1) be the dual
eigenvetor, i.e., 〈v0|w0〉 = 1 and Rˆ∗|w0〉 = |w0〉 ⇔ 〈w0|Rˆ = 〈w0|. So in operator norm,
Rˆt ≡ |v0〉〈w0|+O
(|λ1|t) , |λ1| < 1.
If |ϕ〉 ∈ L2 (S1), and |φ〉 ∈ CA, eq.(5) gives exponential deay of orrelation for large t:
Cφ,ϕ (t) = 〈φ|Mˆ t|ϕ〉 = 〈φ|Aˆ−1|v0〉〈w0|Aˆ|ϕ〉+O
(|λ1|t) , |λ1| < 1
= 〈φ|v0〉〈µSRB|ϕ〉+O
(|λ1|t)
where |µSRB〉 def= Aˆ|w0〉 ∈ CA is alled the S.R.B. measure. Its density is a regular (real
analyti funtion) on S1, f Figure 4. The physial meaning of the last equation is that for
large t the funtion Mˆ t|ϕ〉 behaves (as seen from test funtions, i.e., from a marosopi
point of view) like the onstant funtion |v0〉 times 〈µSRB|ϕ〉. This is mixing property. An
other interpretation of µSRB is that for almost all x0 ∈ S1,
〈µSRB| ≡ lim
T→∞
1
T
T∑
t=1
〈δM tx0 |
(equality of measures) where δx is the Dira measure at x ∈ S1. The right hand side is
alled the physial measure, beause it is onstruted from a typial trajetory ([7℄ p.640,
[3℄ p.73), f Figure 4.
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ξρ
x
Figure 4: S.R.B. measure: the solid line is the density µSRB (x) omputed from a numerial
diagonalization of Rˆ (in the Fourier basis), for the perturbation given in (1), with δ = 0.4.
The histogram is onstruted from a trajetory of length T = 107 starting from a random
initial point x0.
3.4.2 The Ruelle-Polliott resonanes
Suppose for simpliity that the rst N eigenvalues of Rˆ are simple, Rˆ|vi〉 = λi|vi〉, i = 0→
(N − 1), with λ0 = 1, |λi| < 1, |λi+1| ≤ |λi|, and |λN | < |λN−1|. Let us write |wi〉 the dual
vetors ,i.e., 〈wi|vj〉 = δi,j and Rˆ∗|wi〉 = λi|wi〉 ⇔ 〈wi|Rˆ = λi〈wi|. Then
Rˆt ≡ |v0〉〈w0|+
N−1∑
i=1
λti|vi〉〈wi|+O
(|λN |t) , |λN | < 1
shows that the Ruelle-Polliott resonanes λi govern the asymptoti behaviour of the or-
relation funtions (5) and the onvergene towards equilibrium:
Cφ,ϕ (t) = 〈φ|Mˆ t|ϕ〉 = 〈φ|v0〉〈µSRB|ϕ〉+
N−1∑
i=1
λti〈φ|Aˆ−1|vi〉〈wi|Aˆ|ϕ〉+O
(|λN |t)
Note that in this last expression |vi〉, |wi〉 ∈ L2 (S1), hene Aˆ|wi〉 ∈ CA is a regular funtion,
but Aˆ−1|vi〉 may not belong to L2 (S1). We have to interpret Aˆ−1|vi〉 as a linear form on
the spae CA. Vetors |vi〉, |wi〉 depend on the hoie of operator Aˆ, but eigenvalues λi,
and distributions Aˆ|wi〉, Aˆ−1|vi〉 do not.
Let us write λi = ρie
iθi, ρi > 0, hene log λi = log (ρi) + iθi. Figure (5) shows the
9 rst Ruelle-Polliott resonanes log (λi), obtained by a numerial diagonalization of Rˆ
in the Fourier basis. In partiular, we remark that there are two symmetri lusters of
eigenvalues. λ4 and λ5 are very lose from eah other: log ρ4 = −5.271, θ4 = 1.101, and
log ρ5 = −5.285, θ4 = 1.119. We have no explanation for this. In semi-lassial analysis
suh lusters our beause of the tunnelling eet. It would be nie to nd suh a semi-
lassial interpretation here. Note that (3) predits that the values log (ρi) tend at least
linearly to −∞, as i→∞.
18
Cluster
λ0 = 1
Cluster λ4 ∼ λ5
log(ρ)
θ
Figure 5: The rst nine Ruelle-Polliott resonanes λi = ρie
iθi
in log sale, in example
Eq.(1), with δ = 0.4. We remark two lusters of nearby eigenvalues.
4 Hyperboli map on the torus
We follow essentially the same lines as in the ase of an expanding map on the irle, in
order to prove Theorem 6.
4.1 Matrix elements of the operator Mˆ
Consider the operator Mˆ dened in Eq.(9). Let |n〉 denote the Fourier mode on T2 =
R2/Z2, dened by ϕn (x) = exp (i2pin · x), with n ∈ Z2, x ∈ T2. The set (|n〉)n∈Z2 forms a
orthonormal basis of L2 (T2), and matrix elements of Mˆ in this basis are expliitly given
by:
〈n′|Mˆ |n〉 =
∫
T2
dx exp (−i2pin′ · x) exp (i2pin · (M0 (x) + f (x)))
=
∫
T2
dx exp
(
i2pi
((
M t0 (n)− n′
) · x+ n · f (x)))
with transposed matrix M t0.
4.1.1 Remarks
• For a vanishing perturbation f = 0, then
〈n′|Mˆ0|n〉 = δn′=M t
0
n (20)
For a non vanishing perturbation f , we will show now that in the plane n′ = (n′1, n
′
2)
matrix elements are very small outside some domain surrounding the point n′ = M t0n.
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• Sine f is real, we have the symmetry
〈−n′|Mˆ | − n〉 = 〈n′|Mˆ |n〉
and if n = 0, we have
〈n′|Mˆ |0〉 = δn′=0.
• With the example given by Eq.(10), one an ompute expliitly the matrix elements
in terms of the Bessel funtions of the rst kind (f [1℄ 9.1.21 p.360):
〈n′|Mˆ |n〉 = (−1)N1 δN2=0 JN1 (δn2) , withN =
(
n− (M−10 )t (n′)) =
{
N1 = n1 − n′1 + n′2
N2 = n2 + n
′
1 − 2n′2
4.1.2 Loalization property of the matrix elements
Let us make the following hange of variables (n, n′)⇔ (h, ν, p), for n 6= 0,
ν =
n
|n| ∈ S
1, h =
1
|n| > 0, p = h
(
n′ −M t0 (n)
) ∈ R2, (21)
with |n| =
√
n21 + n
2
2 and S
1
the unit irle in Fourier spae R2. Dene ~ = h/ (2pi). Any
matrix element an be written as the osillating integral
I~,ν (p)
def
= 〈n′|Mˆ |n〉 =
∫
T2
dx exp (i (ν · f (x)− p · x) /~) .
Theorem 11. Non stationary phase. Let f : T2 → R2 be real analyti, ~ > 0, ν ∈
U (1), and p/ (2pi~) ∈ Z2. Then ν · (Dxf) ∈ R2. Consider the ompat domain E def=
{ν · (Dxf) s.t. x ∈ T2, ν ∈ S1} ⊂ R2 whih ontains 0. We denote by
[
f ′1,min, f
′
1,max
]
and[
f ′2,min, f
′
2,max
]
the projetions of E the axis p1 and p2 respetively . See Figure 6. For any
ε > 0, there exists C > 0, suh that for any p = (p1, p2) with p1 < f
′
1,min − ε, any ~ > 0
and any ν ∈ S1, one has
|I~,ν (p)| ≤ e−C(f ′1,min−p1−ε)/~ (22)
Similarly we have exponential upper bounds for the other three half-planes p1 > f
′
1,max + ε,
p2 < f
′
2,min − ε and p2 > f ′2,max + ε with the same onstant C. Moreover we have always
the general bound |I~,ν (p)| < 1.
Proof. Let ε > 0 and write I~,ν (p) =
∫ 1
0
dx2 e
−ip2x2/~I1 (x2) with I1 (x2) =
∫ 1
0
dx1 e
i(ν·f(x1,x2)−p1x1)/~
.
For ν, x2 xed, let f˜ (x1) = ν · f (x1, x2). Then it follows from (17) that,
|I1 (x2)| < e−C1(f˜ ′min−p1−ε)/~
where C1 and f˜
′
min
depend on ν and x2. Let f
′
1,min = minν,x2
(
ν.∂f(x1,x2)
∂x1
)
and C =
minν,x2 (C1) > 0. Then, for p1 <
(
f ′1,min − ε
)
, one has |I~,ν (p)| < |I1 (x2)| < e−C(f ′1,min−p1−ε)/~.
Similarly, we dene f ′1,max, f
′
2,min and f
′
2,max and obtain similar estimates.
20
p2
p1f ′1,min
f ′2,max
f ′2,min
f ′1,max
E
Figure 6: Piture of the domain E
Remark
• We have shown that the integral I~,ν (p) is small outside a retangle ontaining p = 0
in the plane R2. This retangle shrinks to 0 when the perturbation f is C1 small.
Coming bak to variables (n′, n), this means that for n xed, the matrix elements of
〈n′|Mˆ |n〉 are small exept in a domain surrounding the point n′ =M t0n.
4.2 Proof of Theorem 6
Instead of the variables n, n′ ∈ Z2, we prefer to use for n 6= 0,
h =
1
|n| > 0, ν =
n
|n| ∈ S
1, ν ′ =
n′
|n| ∈ R
2.
From (21), we have p = ν ′ −M t0ν. From (11) and (12), we have for n 6= 0:
Rn′,n
def
= 〈Aˆn′|Mˆ |Aˆ−1n〉 = exp
(
1
h
A (ν ′)
)
〈n′|Mˆ |n〉
with
A (ν ′) = a (|νu| − |νs| − |ν ′u|+ |ν ′s|) ,
where n, h, ν are onsidered as xed in the disussion. Note that we do not use yet the
notation 〈n′|Rˆ|n〉, but Rn′,n instead, beause we don't know yet if |n〉 belongs to the domain
of Rˆ. This will be proved a few lines below.
Then Equation (22) gives the upper bound:
∣∣∣〈n′|Mˆ |n〉∣∣∣ < exp ( 1hB (ν ′)), where the
funtion B (ν ′) is equal to 0 on a retangle domain denoted by ZB (ν), ontaining the
point M t0ν. The funtion B (ν
′) dereases linearly outside this retangle, with a slope 2piC
whih does not depend on ν and h, see Figure 7. The size of the domain ZB (ν) goes to 0,
whenever ‖f‖C1 → 0.
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We dedue that |Rn′,n| < exp
(
1
h
F (ν ′)
)
, with F (ν ′) = A (ν ′) + B (ν ′). The funtion
A (ν ′) is zero for ν ′ = ν, and it is negative and dereases with a onstant slope a on a
domain denoted by ZA (ν), see Figure 7. At the point ν
′ = M t0 (ν) =
(
eλ0νu, e
−λ0νs
)
,
the value of A (ν ′) = −a (|νu| (eλ0 − 1)+ |νs| (1− e−λ0)) < A < 0 is stritly negative,
uniformly with respet to ν ∈ S1. Therefore, the domain ZB (ν) is stritly inluded in
ZA (ν) if the perturbation f is small enough in C
1
norm.
ν ′s
ν
Level sets of A
Zone ZB(ν)
Zone ZA(ν) where A < 0
M t0(ν)
Level sets of B < 0
ν ′u
Figure 7: Shemati representation of level sets of funtions A (ν ′) and B (ν ′), with respet
to the frame of unstable/stable diretions. Here |ν| = 1, and ν is sent to M t0 (ν) by the
dynamis.
If we hoose a suh that A inreases slower than B dereases (i.e., a < c′2piC where
c′ > 0) then there exists c > 0 suh that
F (ν ′) < −c (|ν1|+ |ν2|+ |ν ′1|+ |ν ′2|)
This gives |Rn′,n| < exp (−c (|n1|+ |n2|+ |n′1|+ |n′2|)).
Let us rst dedue that the operator Rˆ = AˆMˆAˆ−1 is dened on the domain CA. If
|φ〉 ∈ CA,
|φ〉 ∈ Dom
(
Rˆ
)
⇔ MˆAˆ−1|φ〉 ∈ DA ⇔
∑
n′
∣∣∣〈Aˆn′|MˆAˆ−1|φ〉∣∣∣2 <∞
⇔
∑
n′
∣∣∣∣∣
∑
n
〈Aˆn′|Mˆ |Aˆ−1n〉〈n|φ〉
∣∣∣∣∣
2
<∞⇔
∑
n′
∣∣∣∣∣
∑
n
Rn′,n〈n|φ〉
∣∣∣∣∣
2
<∞.
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Let us show now the last estimate is atually fullled. If |φ〉 ∈ L2 (T2)
∑
n′
∣∣∣∣∣
∑
n
Rn′,n〈n|φ〉
∣∣∣∣∣
2
≤
∑
n′
(∑
n
|Rn′,n| |〈n|φ〉|
)2
≤ ‖φ‖2
∑
n′
e−2c(|n′1|+|n′2|)
(∑
n
e−c(|n1|+|n2|)
)2
<∞.
Therefore the operator Rˆ = AˆMˆAˆ−1 is dened on the domain CA and its matrix elements
are obviously 〈n′|Rˆ|n〉 = Rn′,n. With the same arguments as those used earlier for the
expanding map on S1, we dedue that Rˆ extends to a trae lass operator on L2 (T2).
4.2.1 Proof of the exponential onentration of R.P. resonanes
The proof of Theorem 7 is very similar to the proof we gave in Setion 3.3. Here we use
the same notations and emphasize the dierenes.
Let Rˆ be the trae lass operator obtained in Theorem 6, with the estimation
∣∣∣〈n′|Rˆ|n〉∣∣∣ <
exp (−c (|n1|+ |n2|+ |n′1|+ |n′2|)) on its matrix elements, with c > 0.
Lemma 2. Let µj, j = 0, 1, . . . be the non zero singular values of Rˆ, suh that µj+1 ≤ µj,
repeated as many times as the value of their multipliity. Then
µj ≤ C1e− c2
√
j
(23)
with C1 > 0.
Proof. From the min-max theorem,
µj = min
V⊂L2(T2), odimV=j
max
v∈V, ‖v‖=1
∥∥∥Rˆv∥∥∥ .
Consider the Fourier basis |n〉,n = (n1, n2) ∈ Z2 and Vl = span (|n〉)max(|n1|,|n2|)>l, hene
odimVl = (2l + 1)
2
. If |v〉 ∈ Vl, we ompute
∥∥∥Rˆ |v〉|∥∥∥ =
∥∥∥∥∥∥
∑
n′∈Z,|n|>l
|n′〉〈n′|Rˆ|n〉〈n|v〉
∥∥∥∥∥∥
≤ ‖v‖
(∑
n′∈Z2
exp (−c (|n′1|+ |n′2|))
)
 ∑
n/max(|n1|,|n2|)>l
exp (−c (|n1|+ |n2|))


≤ ‖v‖Ce−cl, C > 0
We dedue that µj ≤ C1e−c
√
j/2
, with C1 > 0.
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For non zero eigenvalues, dene
lj = log |λj | , mj = logµj
(These sequenes tend to −∞ as j → ∞). Inequality (19) reads ∑nj=0 lj ≤∑nj=0mj . Eq.
(23) gives mj ≤ logC1 − c
√
j/2. We dedue that
∑n
j=0 lj ≤ (n + 1) logC1 − c2
∑n
j=0
√
j.
But
∑n
j=0
√
j ≥ ∫ n
0
√
xdx = 2
3
n3/2. Hene 1
(n+1)
∑n
j=0 lj ≤ logC1 − c3 n
3/2
(n+1)
. But ln ≤ lj for
j ≤ n, so ln ≤ 1(n+1)
∑n
j=0 lj ≤ logC1 − c3 n
1/2
(1+1/n)
, whih proves Theorem 7.
5 Conlusion
For spei models of haoti dynamis, namely real analyti expanding maps on the irle
S1 and real analyti hyperboli maps on the torus T2, we have shown that the deay of time
orrelation funtions an be desribed by a trae lass operator in L2 (S1) (resp. L2 (T2)).
We have followed an approah similar to the omplex saling method, well-known to
study the deay of quantum states in open quantum systems. As explained in the intro-
dution, this approah has been already used by V. Baladi and M Tsujii [4℄ for hyperboli
dieomorphisms in a more general ontext, but our methods dier sightly and allowed us
to obtain dierent results. To make a more preise omparison, our operator Aˆ dened in
Eq.(11) and the onjugation in Eq.(12), orrespond to their denition of anisotropi norms.
But they use powers of the Fourier omponents whereas we use exponential of them. This
exponential is important for us to obtain a trae lass operator Rˆ, as explained in setion
3.2.1.
In this paper, some semi-lassial aspets of hyperboli dynamis have appeared many
times: (i) in Theorem 10 onerning the loalization of the matrix elements in Fourier
spae, and the remark whih follows, (ii) in a remark on the semi-lassial Weyl law after
equation (13), and (iii) with Figure 5 where a luster of eigenvalues suggests some semi-
lassial tunnelling eet. The role of semi-lassial parameter is played by the inverse of
the distane in Fourier spae: ~ ≡ 1/ |n|. A diretion of researh would be to make this
semi-lassial theory more preise.
We would like to omment some limitations of our results and possible extensions of
them. First we have assumed that the dynamis is given by a real analyti map. This is
a severe limitation beause in hyperboli dynamial system theory one has to use Hölder
potential funtions [3℄[14℄. We have presented here the results in their simplest form. In
partiular, for expanding maps on the torus, we have shown that Rˆ is trae lass for any
expanding map, but for hyperboli maps on the torus we have assumed that the non linear
perturbation f is weak enough. In geometri terms we have supposed that ‖f‖C1 is weak
enough so that the unstable and stable foliations are respetively ontained in xed ones
(the ones adapted to the linear map, and whih enter in the denition of Aˆ eq.(11)).
It ould be possible to generalize in this diretion and treat in this way any uniform
analyti hyperboli map on the torus, using a loal hoie of ones. As in [4℄, this ould be
possible using pseudo-dierential operators instead of Aˆ. Then the loalization property
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of the matrix elements in Theorem 10 would be replaed by a miroloal version in the
otangent spae T ∗S1(resp. T ∗T2). Some other diretions of researh ould be to take
advantage of the relative simpliity of this approah to investigate non uniform hyperboli
dynamis or other kinds of dynamial systems whih exhibit some haoti behaviour, where
many questions remain open.
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